ON UPPER ESTIMATES FOR APPROXIMATION NUMBERS OF 
A LAPLACE TYPE TRANSFORMATION 



ELENA P. USHAKOVA 

Abstract. We deal with a real valued integral operator ^ of Laplace trans- 
formation type acting between Lebesgue spaces on the semi-axis. Sufficient 
conditions for belonging X to Schatten type classes are obtained. Some upper 
asymptotic estimates for the approximation numbers of S£ are also given. 



1. Introduction and preliminaries 
Given an operator T between arbitrary (quasi-) Banach spaces X and Y 

an{T) = inf{||r- Kllx^y : K : X ^ Y, rankK < n} 

is called the n-th approximation number of T. In a case of Hilbert spaces 
these numbers coincide with singular values of T. Compact operators T : 
X Y satisfying 

( oo \l/a 
^a^{T)\ <oo, 0<a<oo, 
n=l ^ 

constitute Schatten- von Neumann classes Sq,. Symbol S^^weak stands for weak 
Schatten- von Neumann classes consisting of all operators T such that 



Schatten-Lorentz classes Sq,^^ and 8^,00 are defined by 



r||s_eak = sup(t(tt{n > 1: a„(r) > t})'/") < 00, < a < 00. 



(1.2) S,,;3 = |t: f;a^(r)n'^/"-i <oo| 0<a,/3<oo, 

n=l J 



and 



|t: a„(T) < const < a < 00. 
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Let L^{I) denote a space of all functions / measurable in the Lebesgue 
sense on / C [0, +00) =: M+ with ||/||^,/ := (/f l/T)^'''' < 00. We study 
sequences of approximation numbers of an integral operator 

(1.3) ^f{x) := [ e-^y"f{y)v{y)dy, x G M+, if : L^' ^ L", 

when l<p<oo,0<g<(X),A>0 and a non-negative weight function v is 
locally integrable on M+. 

Boundedness and compactness properties of the Laplace transform ^ in 
the Lebesgue spaces were completely studied in |15| and |18] . 



Theorem 1.1. [T5l, Th.l],[T8', Th.3.1] 

(i) Let 1 < p < q < 00, p' ■= p/{p — 1) and q' := q/{q — 1). Denote ki : = 

g-2/9[min{2, 2«-i}] and := <^ ^ ' . 

|^2W(g')W, q>2 

The operator ^ is — L"^ -hounded if and only if 

:= sup Aj^{t) = sup t~^/n / {y)dy < 00, 

where kiAj^ < \\^\\lp^li < i^iAj^. ^ : L'^ ^ is compact if and only if 
A^ < 00 and 

(1.4) (i) lim^^(t) = 0, (ii) hm Aj^it) = 0. 

t->0 t— s-oo 



(ii) Let 1 < q < p < 00 and r := pq/{p — q)- If q = 1 then ^ is bounded if 
and only if \\^\\lp^l^ = Bp ■= {Jk+ y~'^^' iy)'^y)^^^ < 00. If q > 1 then 
is bounded if and only if 



B^:=[ t 



r t-t -| r/q' \ 1/r 



{y)dy 







{t)dt < 00, 



where K2B^ < < K2B^ with K2 ■= [min{2, 29"i}/g]^/«(p'g/r)^/''', 

R2 := 2^/i{p'y/i'{q - l)-!/? ifl<q<2andR2 := 2i/9'(p')i/9' for q > 2. 
Moreover, since 1 < q < p < 00 then the boundedness of the operator 
^ : — > L'^ is equivalent to the compactness of ^ from to L^. 
(iii) IfO<q<l<p<oo then ^ is bounded if < 00. If is bounded 
then \\Bq\\p> := [J^+y"^^' /''vP\y)dyY^^ < 00. Besides, 

q-'^'WBqWp' < \mLr'^L.<p'/''{p')'^''q-^^''r'/''B^, 
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and the L'^ — L^- boundedness of ^ is equivalent to the compactness of ^ 
from U' to L'^ provided q < p. 

(iv) Let < q < 1 = p. The transformation ^ is hounded if 

/ /■ \ (1-9)/? 

Bg,:={ t-^/^^-''^-\esssupv{x)f^^-''Ut) < oo. 

\Jr+ 0<x<t J 

If ^ is hounded then esssupi?g(t) := esssupt~'*'^^esssup?;(x) < oo. We 
have also 

Moreover, in view of q < p = 1 the — L'^- boundedness of ^ is equivalent 
to the — L"^ -compactness of ^ . 

(v) Ifl=p<q<oo then J£ hounded iff ess sup Bq{t) < oo. The oper- 
ator is compact from to L'^ for 1 < q < oo ijj ess sup Bq{t) < oo and 



lim^^o Bg{t) = linit^oo Bq{t) = 0. 

(vi) Let p = oo. If 1 < q < oo then ^ is hounded if and only if 



Cg:={ I t- 



-X 



v{y)dy 



v{t)dt ] < oo. 



For q < 1 the operator J£ is hounded if Cq < oo. If ^ is hounded then 
t~^^'^v{t)dt < oo. Besides, for all < q < oo the L°° — L'^ -boundedness 
of the Laplace transformation J£ is equivalent to the compactness of J£ . 
(vii) Let q = oo. //I < p < oo then J£ is hounded iff \\v\\pi < oo and 
compact iff \\v\\pi < oo. If p = 1 then ^ is never compact, but bounded iff 
esssup(g]fj+ Bi{t) < oo. 

Schatten-von Neumann norms of ^ : — J- were studied in [17J (see 
also [H). 



Theorem 1.2. [T71 Th.4], [H Th.3] Suppose is compact from to L^. 
(i) If ^ e Sa with 2 < a < oo then 

/ r / rx \a/2\ 1/a 



(ii) //^ G Sa /or < a < 2 then X2 < 00. 

(iii) // Xa < 00 for < a < 00 then ^ € Sq, for all < a < 00. 
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Remark 1.3. The assertion (i) of the theorem can be improved to 1 < a < oo. 
Indeed, by |13| Lemma 2.11.12] we have for ah orthonormal sequences {fk} 
and {gk} 

n n 

(1.5) J]|(if/fe,5fc)r <5^a^(^), n<oo, 

k=l k=l 

where 1 < a < oo, is compact on and (•, •) is the inner product. 
Applying the functions 

^2*= \ -1/2 



2feA/2+A 

9k(.x) = 2A_i X(2-(fc+i)\2-fc^)(^) 



into the left-hand side of (jl.5p we obtain 

fcgN keZ 
/ ofe 1/ 

where n = vHz)dz] and {Ekez^k) ~ < a < oo. 

Thus, the parts (i) and (ii) of the theorem ll.2l have been changed as follows: 
(i') If ^ G Soi, where 1 < a < oo, then < oo for 1 < a < oo. 
(ii') If if e Sc, for < a < 1, then Xi < oo. 

This work is devoted to approximation numbers of the operator ^ in 
(quasi-) Banach case of Lebesgue spaces. We obtain sufficient conditions for 
the Laplace transformation to belong to weighted Schatten classes 

l/s 



,u=\t: ('^[a„(if)n„]^') 



< OO 



when the operator is acting from to L'^ with 1 < p < oo and < g < oo. 
The results imply upper estimates either for the corresponding Schatten- 
Lorentz norms (jl.2p or for the Schatten- von Neumann classes (jl.ip . Some 
upper asymptotic estimates for the sequences {a„(.^)} are also given in the 
article. 

Approximation numbers of integral operators have being intensively stud- 
ied since late seventies of the last century. In particular, in some recent 
papers (see e.g. [2] - [6], [8] - |12] . |14) ) authors deal with Volterra type inte- 
gral operators. The results in [2], [6], |12| and |14| are even on the operators 
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with non-factorised kernels. The purpose of our work is study approximation 
numbers of an integral operator of such a type. 

For achieving our results we mainly adapt remarkable methods which were 
originated in [3], [1], [5] and continued in |11| for Hardy integral operator 
^ ^ defined by (j4.ip . The transformation ^ and the Hardy operator 
are related to each other by Lemma 1 from |15| . which is true for subclasses 
of non-negative functions from Lebesgue spaces only. By using this fact we 
extract some upper estimates for approximation numbers of the operator 

For our purposes Lemma 1 [15j has to be modified as follows. 

Lemma 1.4. [15j Let < a < b < oo and an operator -^(afi) given by 
(1.6) ^^a,b)f{x):= f f{y)viy)[e--y' -e-^'^jdy, x > 0. 



If f ^ and 1 < g < oo then 



Qo 



b / fz \q 

f{y)v{y)dy] d 
rb 



e-"''1''dx 



[ [e- 

.Jr+ 

:i.7) < \\^ia,b)m <^ l'l^iy{yHy)dyyd[-{z-'-b-')], 



where = max{2, 2'^ ^} and Pq :- 




l<q<2 
q>2 



The article is organised as follows. In Section [2] we obtain preliminary 
estimates for o- numbers of Section [3] is devoted to the norms of Schatten 
type (see Theorems 13.11 and 13. 8|) . Section H] is on asymptotic estimates (see 
Theorem HI]). 

Throughout the article products of the form O-oo are supposed to be equal 
to 0. We write A <^ B or B when A < ciB or A > C2B with constants 
Cj, i = 1,2, depending on X,p, q, s only. A B means A <^ B <^ A. Symbols 
Z and N denote integers {k} and naturals {n} respectively. XE stands for 
a characteristic function of a subset E C M+. We also use =: and := for 
marking new quantities. 

2. Approximation numbers 

Let (a, b) =: I CI M+ and be an operator given by 

^J(x) := e--"' / f{yHy)dy. 
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Put 

K{I) := {snpmfxi) - ^b{fxl)\U/\\f\\p,i: f G L^il)} 
and notice that in view of the denotation (II. 6p 

K(/) = {sup||Jf,/||,/||/||,,,:/GL*'(/)}. 

We start from 

2.1. Case 1 <p,q< oo. Following the classical scheme for the Hardy inte- 
gral operator (see [3], we define quantities 

Boj := Bo{5)i = v^' {y)dy^ d [- ( [e"^*' -e"^^'] 'dx) ) 

^1,7 = esssup esssupv(y)[t-^-6-^]^/^ = ( / [r^ -h'^Y' v^' (i^^A 

tGl a<y<t ' \Jl ) 

with r = pq/{p — q), which sandwich the norm K{I) as follows. 
Lemma 2.1. Let 1 < p,q < oo. We have 

(2.1) 7o^o(g)/ < K{I) < %Ao{l)i, 1< p < g < oo, 

(2.2) 71^1,/ < ^U) < 71^1,/, l=p<g<oo, 

(2.3) 72So((?)/ < K(I) < 72^0(1)/, l<q<p<oo, 

(2.4) K{I) = Bij, l = q<p<oo, 

where 70 = 7i = aj'q^'^', 7o = f^l^' {q')'^^' , 7i = Pl^'iqT'^', 72 = 
al^\qp'/r)y'^',72=^l^'{p')'^''- 

Proof. Let 1 < p < Q' < 00, Aij < 00, i = 0, 1, and / € LP{I). By Lemma 
01 



l/r 



im/II?<^y^(£l/(y)Ky)dyyd[-(z-^-6-^)] 

(2.5) <l'!^h\\f\\h- 
For the reverse estimate we assume / > and pass from 

\mf\U<K{I)\\f\\pj 
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to the inequality 

^/(/-/(.).(.)d.)'d[-(/^Je---e--]'a.) 

(2.6) <A'(/)»||/||«, 

by using Lemma [L^ Thus, K{I) > 70^0(5')/. We also have K{I) > 71^1^/ 
when p = 1. 

lil<q<p<oo then similar to (|2.5p 

(2.7) ||^,/||^<7|i?o(l)?||/||^,,. 

Lemma 11.41 and arguments for the Hardy integral operator applied to the 
left-hand side of the inequality (j2.6p give us K(I) > j2Bo{q)i, q > 1. 

For l = g<p<oowe obtain (|2.4p by direct and reverse Holder's inequal- 
ities. □ 

Assume that ^ is compact. In view of local integrability of on the 
strength of the conditions (|1.4p and by Lemma l2.ll the quantity K{I) con- 
tinuously depends on an interval I C M+. Thus, any given e > such that 
< e < ll^l [p_j.g we can find — N{e) and, therefore, points — cq < ci < 
. . . < cat+i = 00 to form intervals /„ = [c„, c„+i]. A; = 0, . . . , A^, so that the 
norm K{In) is equal to e for all A: = 0, . . . , A^ — 1 and K{In) < £■ 

Lemma 2.2. Let 1 < p,q < 00 and < e < ||^||p^g. Suppose there exists 
N = N{e) < 00 and points = cq < ci < ... < cat+i = 00 such that 
K(I„) = e for all In = {cn, c„+i), n = 0, . . . , A^ — 1, and K{If^) < e. Then 



(2.8) aN+ii^) < 



e, P=l, 
e{N + l)^/p', p>l. 

Proof. Let f £ LP he such that ||/||p = 1, and define P: LP ^ L^ hy 



N 

(2.9) Pf{x) = Y,^c„+AfXiJ{x). 

n=0 

Since ^cjv+i(/X/„) = then rankP < A^. We have 

N N 

W^f - Pfh = II - ^-n+l(/X/J]ll, < E ll^/n(/X/JII 

n=0 n=0 

N N 

<Y.K{In)\\f\\,,i„<eY.\\f\\p,i„ 

n=0 n=0 
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This immediately implies ()2.8p for p = 1. If p > 1 then (|2.8p follows by 
Holder's inequality. □ 

2.2. Case 0<q<l<p< oo. In this part we operate with the constant 
Bq{5)j, when S = q, and quantities r = pq/{p — q), 



B 



3,1 



2,1 



esssupf(x)]''/(^-'?)d 

/ a<x<t 



p'/q X 1/p' 

dx ) dy 



l/{l-qh\{l-q)/q 



i?4 / = ess sup 

tei 



ess supw^xj 

a<x<t 



-xt^_^-xby^^ 



1/q- 



The analog of Lemma 12.11 for 0<q<l<p<oo reads 
Lemma 2.3. Let < q < 1 < p < oo. We have 

(2.10) B2,i < K{I) < 7sBo{q)i, 0<q<l<p<oo, 

(2.11) B^j < K{I) < 74^3,/, 0<q<l=p, 

where 73 = {r/q)^/'^-^p^^P{p')^/P'q'^/'i and 74 = (1 - g)^^^"'?)/'?. 
Proof. Since g < 1 we have by a monotonicity argument 

(see [15| p. 1131] for details). Therefore, 

htBliWfWh^ P = ^' 



xc^l 1 



dx 



For the reverse estimate we assume / > and complete the proof of (|2.10p 
and (|2.1ip by using Minkovskii's and Holder's inequalities. □ 

If ^ is compact and < e < ||^||p_j.g then by Lemma [2.3l the norm K(I), 
as before, continuously depends on an interval /. Thus, for a sufficiently small 
e > we can find points = cq < ci < . . . < cn+i = 00, = N(e), with 
K{In) = e forn = 0, . . . , iV - 1 and K{In) < e. 
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Lemma 2.4. Let 0<g<l<p< oo. Let < e < and suppose 

there exists N{£) < oo and points = cq < ci < . . . < cat+i = oo such that 
K{In) = £ for all In = (c„, Crt+i), n = 1, . . . , iV, but K{Io) < e. Then 



(2.12) 



l<g<l<p<oo 



Proof. Taking the operator (12. 9p with rank P < N we obtain provided q < 1 



N 



N 



N 



w^f - pfr, < J2 ii^^J/iii? < E^(^")'ii/iik ^ ^'E ii/iipA- 

n=0 n=0 n=0 

The Holder's inequahty completes the proof of the theorem as follows 



(2.13) ||^/-P/||^< 



„)''(iv + l)l-^ p = i 



□ 



3. SCHATTEN TYPE NORM ESTIMATES 

3.1. Casep>l. Denote r := pq/{p-q), 9 := p'q/{p' + q), Ak := [2'="\ 2^=] 
r2(Z,m) := [Ji<ck<m~i with integers / < m and 



1/g 



w*' (y)dy 



i/p' 



Js{l,m) 



Jn(Lm) \Jr+ 



dx 



s/q 



Xn(«,m)(y)^^^'(2/)d2/ 



s/p'-l 



yP {t)dt 



l/s 



1, q>l 



Js(-oo, +oo) =: Js 



-Xs/q 



{y)dy 



s/p'-l 



yP {t)dt 



l/s 



,m-l l/s 

\ 1 — / / 



-oo,+oo) 



k=l 

The result of the section reads 



k£Z 



l/s 
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Theorem 3.1. Let the operator L'^ be compact and s > 

(i) Ifl<p<q<oo then 



( a'^{^)n-'/P ] < const{p, q, s, A) J,. 



(ii) If 1 < q < p < oo then 



[j^a^mn-^/pY^' < constip,q,s,X) I 



J Si < S <r, 
s > r. 



(iii) IfO<q<l<p<oo then 

f j;a^(^)n^/P-^/'^y^' < const{p,q,s,X) 



Jri s > r. 



Proof of the results follows from (13. ip and Section [3.1.21 which needs 

3.1.1. Technical lemmas. The first statement is similar to [ll_, Lemma 4.4]. 
Lemma 3.2. // < s < oo, 1 < p < oo, < q < oo and I < m then 

(3.1) A,(5) « Js, 

(3.2) A,(5)(i,^) > J,(/,m). 

Proof. To prove we put := J2kez'^~''^'^H /o vP'{y)dy] and 

notice that 

s/<7 / />2'^ \ s/p' 



^sis) = e(Xj<^-^''' ---^''"'Ydx)' \l.y^y^''y) 
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We have 



2k 



fcez 

vP'{y)dy 



s/p' 











s 



vP' {y)dy 



Hence, 



To prove ()3.2p note first that 



. _,2^A _ ^-.2('=+i)^i5^^ 



(3.3) 



>[e- 



2-(fe+l)A+Ao 

-1 -2^o-\S^~kX 



kX 



for any < Aq < A. Write 

1 



"I— J- / „ 

j:ii,m)<Y,{ / [' 



e -2{'=-i)^_g-..2™^i5^^ 



< 



1 



s 6^/1 
By [3 Proposition 2.1] 

m— 1 



s/p' 



m-l y 1.23 \ 

k=l \<7<fc-^2^ ^ ^ 



s/p' 



s/p' 



m-l . „2'= \ s/p' 



Thus, we obtain l\3.2\i with help of (|3.3p . 
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Corollary 3.3. We have As{5) « Jg- 

The next two lemmas are also analogous to some statements from [11]. 

We will apply them when 1 < p < q < oo. Therefore, we actually need 6 = 1 
_ , 

and 



a,{l) = [1 - 2-^] l/^2-^^V</ (^J^^ yP' (y)dy^ 



Lemma 3.4. Let ki,k2,k^ € Z, fci < k^,-, ki < k2 < k^ and z\ € A^^, 
zo G Afc2, Z2 G Afcg. Then 



, r^o . \i/p' 



Proo/. 

< [1 - 2-^] - V'?2-(fc2-i)Vg [2P'fci Vv^^ (1) + . . . + 2P'^2A/g^P^ 

2AAn _2-Ai-i/9 
< —, ,. , , , , , max CTfcfl). 

- (1 _ 2-p'A/<?)l/p' fci<fc<fc2 



□ 



Lemma 3.5. Let 6 = p' q/ {p' + q), In = {cn,Cn+i), Zn ^ In md 2^ ^ < ci < 
. . . < Q+i < 2^. T/ien 

n=l ^ 
Proof. By Holder's inequality with (p' + g) /g and {p' + g) /p' we obtain 

\e/v' 



n=l ^ 
„ — 1 \-^c„ / 



\ q/{p'+q) 



< 

n=l 

□ 



The next statement is an analog of the previous Lemma but working in 
the case < g < ]5 < oo. 



ON UPPER ESTIMATES FOR APPROXIMATION NUMBERS 13 

Lemma 3.6. Let 9 = p'q/{p' + q), In = (cn,c„+i) and 2^~^ < ci < . . . < 
q+i < 2^. Then 



E 

n=l 



Cn+l 



v'P {y)dy 



r/p' 



-e ■"''"+i]'^da; 
« [2^ - 



r/q- 



e/r 



Proof. We have by Holder's inequality 

' / , 1 r -1 r/p' 



' / />c„+i /-t 'VP / 

^ / / v^{y)dy d - / [, 



(y)dy 



[e-^*' _e-^^n+i]^dx 



r/g- 



61/r 



6»/r 



□ 



3.1.2. Upper estimates for Schatten type norms. 

Theorem 3.7. Let 1 < p,q < oo, = p'q/{p' + q) and r = pq/{p 
Assume LP L'^ is compact and s > 6. 

(i) // either 1 < p < q < oo, s>9orl<q<p< oo, 9 < s < r then 
^[a„(^)n-W]^y^' < Cip,q,s,X)Ul). 

(ii) Ifl<q<p<oo and s > r then 
^[a„(=Sf)n-Vp']^y^' < Cip,q,s, X)Ar{l). 



nGN 

(iii) IfO<q<l<p<oo then 

l/s 



[an(if )ni/P-i/^] ' < C{p, q, s, A) < 



A,{q), 9<s<r 
Ar{q), s>r 



Proof. Let < e < and points = cq < ci < . . . < cn+i = oo, 

N = N{e) be chosen so that K{Ln) = £ if /„ := (c^, c„+i), n = 0, . . . , — 1, 
and K{I]\[) < s. Then for any c„ with n = 1,. . . ,N there exists an integer 
A;(n) such that C Afe(„) = p'^H-i, 2'=(")]. 

For all intervals /„ from n=lton = Ar — Iwe have two only choices: 
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(*) two neighbour points, say, c„(, and Cng+i, have different k{no) and 
k{nQ + 1), that is k{nQ) < k{nQ + 1) for some no; 
(**) two or more neighbour points, say c„^, . . . , c„^+/^^__i with /„j > 1, are 
in the same interval = [2''^^,2^], that is k{ni) = k{ni + l) = . . . = 
k{ni + In, - 1) and li C [2'=("i)-i, 2'^'("i)] with ni < i < ni + In, - 1 
and In, > 1. 

Let 1 < p < q < oo. Using Lemmas 12.11 and either [3l4l or 13.51 we obtain 
e = KiIn)<%Ao{l)i„<C2 sup afc(l)=:C2afcJl) if n € (*) 

fc(n)<fc<A:{n+l) 

and 

n+l„-l 

eHn= K{h)' <GiaiX'^) if n e (**). 

As for the interval /q = [cq, ci], the estimate (j2.ip yields 

^ < sup t-^P'/*? f vv\y)dy 
70 o<t<ci Jo 

< sup sup t-^P''" fvP'{y)dy 
<2^P'/« sup 2-^P''^/'' V / vP'{y)dy 

-oo<k<k(l) ^^,J2^-^ 



-oo<m<fc ■ 



= 2^P'/«[1 -2-^]~P'/« sup 2-^P''=/« Yl 2^^'"'^''t^^(l) 

-oo<fc<fc(l) _oo<m<fc 

< 2^P'/9[i _ 2-^]-p'/9 gup f^p^(i) sup 2V(™-A^)/'? 

< 22Ap'/</[i _ 2-A]-2p'/. gup aiil) =: afc(o)(l). 

— oo<m<fc(l) 

Thus, 

N{e) = e N: cTfc(„) » e} + ^ Un^N: a^^n) > e^r/^} 



oo 



n=l ?i=l 

On the other side we have from Lemma [2.21 



G N: an(^)n^^/P' > e} < N{e). 
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Thus, we have by Proposition II. 1.8] and in view of < s 

/•OD 

[a„(^)n-i/P'] ' = s t'-^ {n G N : a„(^)n-i/P' > t}dt 



jieN 

fOO 



< s / f-^N{t)dt <s V f-^ {keZ:ak> -^}dt 
Jo Jo (-4 

poo 

= sC| / r"-i V n-'/^^ {keZ:ak> r}dr 
•^0 n=l 

oo 

= C|J]n-/^j;cT|(l)<C|A|(l). 



n=l 

Now let < q < p < oo, p > 1 and consider the cases (*) and (**) for 
n = 1, . . . , - 1. If n G (*) then we have by ([23]), (I2TT1 and ([32]) from 
Lemma 13.21 

e = Kiln) « Boi6)j^ <cJ Yl 

<. C6Ar((5)(fc(„),A:(n+l)) =: C'65^fc(n)- 

If n G (**) then Lemma 13.61 imphes 

?!+/„ — 1 

i=n 

If n = then combination (12. 3p or (12.1 Oh with (13. 2p gives 

^-oo<fc<fci ^ 
<C C6Ar(<5)(fc(0),fc(l)) =: C'6Sa;(0), 

where A;(0) = — oo. Now put Z* := {k(n) G Z: n G (*)} and arrange sets 
and Z2 as follows: 

Z* := {A;(n) G Z*, n = 0, 2, 4, . . .}, Z^ := {A;(n) G Z*, n = 1, 3, . . .}. 

Therefore, 

ji/e 

Nie)= Y HneN:afc(„)>^} + HnGN:A,((^)(fc(„),fc(„+i))>^} 

<YHkeZ:ak>—^} + YUk^K- ^k(n) > 
n=i i=i '^6 
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Note that for a fixed i = 1,2 we have PI = when / ^ m. 
Besides, Lemmas 12.21 and 12.41 yield 

'n-i/p', q > 1 



(3.4) e N: an{^)un > e} < N{e), Un = { 



This implies 



n ^Z**, g' < 1 



/•OO 

V [ani^)un\ ' = s t^-^tJ {n G N : a„(if )n„ > t}dt 

< s / t'-^iV(t)dt < s / V {keZ:ak> -^}dt 
Jo Jo <~^7 

/ t'"'tJ{^GA*:Sfc>— }dt 

poo 

= sC7| / r"-i V n-^/^tt {A: G Z : fjfc > rjdr 
•^0 n=l 
2 <>oo 

V / t'"H {k G Z* : Efc > T}dr 
i=i Jo 

2 



If s < r then 



<k<kn+\ 

In the case s > r we have 

s/r 



e( e 4e e -^w) <(2E-^(^)) 

and 



s/r 



Thus, 



fE[«-(=^) 



l/s 



i/s 



lis 



<cro\y^<ym 



l/r 



< s < r, 



s > r. 
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□ 



3.2. Case p = 1. Denote as before = [2^~^, 2^] and m) = U/<A:<m-i 
with integers I < m. Put also Va{t) := esssup„<^.<j v{x), va^ '■= ssssup^g^^ v{x) 
and 



(Tfc(<5) ■.= vaJ / [' 
\Jr+ 



2k\ 

e — e 



/ \q, q<l 



Js{l,m) : 



[ess sup Xnii,m){y)v{y)y 

n{l,m) 0<y<t 



xd 



dx 



1/s 



1/s 



J,(-oo,+oo) =: Js = i^j ^v'o{t)t-^'/''-^dt 

^ k=l ^ ^fcgZ ^ 

The result of the section reads 

Theorem 3.8. Let operator : ^ L'^ he compact. 
(i) Ifl=p<q<s<oo then 

( X] ^n{-^) ) < const{q, s, A) Jg. 



(ii) IfO<q<l=p then 



<s< q/{l-q), 



a'^{^)n'-'/'^ < const{q, s, A) <^ 



Proof of the theorem follows very similar to Section r3.1.2l bv using technical 
statements below instead of Lemmas 13.21 and 13.41 - 13.61 respectively. 

Lemma 3.9. IfO<q<s<oo and I < m then 

(3.5) A,(<5) « Js 
and 

(3.6) A,(g)(,,„) » Js{l, m), 0<q<l. 
Proof is analogous to the proof of Lemma 13.21 □ 
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Remark 3.10. Formulas (I3.5p and (I3.6p are true for all < s,g < oo. More- 
over, similar to Collorary 13.31 we have 

As (5) ~ Js. 

The following two Lemmas are concerned the case 1 = p < q < oo. This 
means that we need 5=1 and cTfc(l) = [l — 2~'^] ^^''2~'^''*/'?vaj.- Proofs of 
these lemmas are similar to 13.41 13.51 

Lemma 3.11. Let ki,k2,k3 € Z, fci < k^, ki < k2 < k^ and z\ G A^^, 
zo G Afe2, Z2 G Afcg. Then 

[zg^'** — Zg"'^] ^'''^ esssup f (y) ^ max (Tfc(l). 

z\<y<Z(i ki<k<k2 

Lemma 3.12. Let In = (c„,c„+i), Zn G /„ and2^^^ < ci < . . . < q+i < 2^. 
T/ien 

I 

Y^[z-^-c-l^] [ess sup « ct^(1). 

We complete the row of technical lemmas and the section by a statement 
which is working when < g < 1 = p. 

Lemma 3.13. Let In = (cn,c„+i) and 2^^^ < ci < . . . < < 2^^. T/ien 
we have for < g < 1 



/ /"Cn + l 

2_^( / [esssupv(y)] 

n=i \Jc„ c„<y<t 



4. Asymptotic estimates 
Put 1 < p < q < oo, = p'q/ {p' + g) and define a Hardy integral operator 

(4.1) Hj,v,^f{t) := w{t) f f{y)v{y)dy, t G I, 

J a 

with weig ht function w{t) = ^-(^+1)/-?. In the case q>l Lemma 11.41 implies 

(4-2) K{I) = ||^/||iP(/)^ig <C ||-f^'/;i;,u;||LP(/)^L'J(/)- 

If we take non- negative constants ^ and instead of weights v,w > then 
we obtain for the norm ||-ff/;i,i||LP(/)-s._L<7(/) by changing variables: 



(4.3) \\Hl-^,t^\\LP{I)^LiiI) = OpqCC \b 



|l-l/p+l/g 
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where 

9 \ i/g 



sup 

ll/X[0,l]llp< 



1 \Jo Jo 



dt 



If 1 < p < g < oo then ap^q = {9 /p'^/p' {6 / qY/i . For 1 = p < g < oo we 
have ai^q = 1. The next statement easy follows from triangle inequality for 
all 1 < p < g < oo: 

(4.4) \\Hi Hi 

;V2,W2 lip— ><? < lkl||g,/||'"l -'«^2||p',7+ ||f2||p',/||tyi --^2119,/. 

Ifl=p<g<oo then 

(4.5) ||-H"/;d,«)i - Hi.^^y,J\i^q < ||i;||oo,7||f«l - '»^2||g,/- 

The result of the section reads 

Theorem 4.1. Let 1 < p < q < oo, 9 := p'q/{p' + q) and suppose the 
operator : LP ^ L'^ is compact. 

(i) If p> 1 and X^^ez ^k"^^ ^^^'^ 

limsupn^/«a„(^) < f / t-^^+^'^'^'H\t)dt \ ' . 

(ii) If p = 1, Ve{t) = lim£_^o ||'*^||L°°(t-e,t+e) (^iT-d X^^gg < OO then we have 

limsupn^/«a„(jSf) < f /" t-^-\j{t)dt^ ^\ 

Proof, (i) Fix a large M > 0. Since the set of step functions is dense in a 
Lebesguc space then for any rj > there exist simple functions Vjj,Wn on 
[1/M, M] = Uj=i Uj such that 

11^ - Vr,\\p',[l/M,M] < V, Ik - Wr,\\q,[l/M,M] < V- 

We may assume v,, = YJj2iijXUj and Wn = CjXUj with disjoint Uj. 

Now given < e < ||jSf Hp-^.^ consider a finite sequence = cq < ci < 
. . . < Cat < cjv+i = oo, N = N{e), of chosen as follows: 

K{cn,Cn+i) = KiIn)=s, n = 0, 1, . . . , N - 1; K{lN)<e. 

Denote 

N{M,e) = max{n G N: 1/M < Cn < M}, 
Ar(l/M,£) = min{n G N: 1/M < Cn < M} 
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/„(M) 



and 

'[c„,M], n = N{M,e) 
jl/M,c„], n = N{l/M,e)' 

It was shown in [4, p. 67] and in that if Uj is contained in some 
for all e > then K(Uj) = 0, and, therefore, vw = a.e. on Uj. So, 
fixed > let Ej = inf{e > 0: there exists n such that /„ ^ Uj} and put 
e = min{ej : Sj > 0}. Then if < e < e it follows that Uj ^ I„ for all n,j. 

Now we estimate the difference 



AI 



1/M 



v\t)w\t)dt- 



M 



1/M 



[v{t)w{t)-Vn{t)wr^{t)]dt 



with the sum over those j £ {1, . . . for which Jjj v{t)w{t)dt ^ 0. If 

1 < p = q < oo then = 1 and we have from [H p. 67] that 

[v{t)w{t) - Vr^{t)Wr,it)]dt < ( ||^^||p'.[l/Af,M] + \\w\\q,[l/M,M] + ^ ) ^• 
1/M V ' / 



Ifl<p<g'<oo then 9 > 1 and we have from that 

nM 



/ K(tK(t)-T;;(t)«;;(t)]dt 

J 1/M 



-1 



-1 



< ri[ ^^Il^^llgji/Af,*/]!!^ + '^'?llp',[l/M,Af] + ^ll^^llp',[l/M,M]ll'"^ + ^'?llg,[l/Af,Af] 

Therefore, for all 1 < < cx) 

r-M 



(4.6) 



1/M 



Since v{t)w{t)dt ^ then e^- > 0. Thus, we may let < e < e and 
put = {n: there exists j such that /„ C f{j }- Then > N{M,e) — 
N{l/M,£) - 2mr, and we obtain with help of that 



(iV(M,e)-iV(l/M,£)-2m,)e^< ||^/J|^^, « 



nG^ j=l /nCC/j 



P,9 



M 



1/M 



w^(t)u;^(t)dt + 0(r?^). 
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Applying (I4.6p we write 

r-M 

{N{M, e) - N{l/M, e) - 2m^)e^ < a^^g / v\t)w\t)dt + 0{rf), 



l/M 



which shows 



Hmsupe''[Af(M,e) - iV(l/M,e)] 

j-M 

(4.7) «apo/ v\t)w\t)dt + 0[r^'^). 

Jl/M 

Now set 

ki/M = min{A: G Z: 2^= > iV(l/M,e) and K{{),2^) > e}, 

kM = ma.x{k € Z: 2*^ < N{M,e) and E:(2'',oo) > e} 
and let = N(e) = N{oo, e) be the total number of intervals /„. Obviously, 
f^i/M ~^ — oo, kM — >■ +00 as M — > +oo. 

Since l<p<g<oowe find from (j2.ip and Lemmas 13.41 13.51 that 

(4.8) [A(oo,£)-iV(M,e)]e^« ^ af, A(l/M,e)e^« ^ af. 
Thus and by (lO) 

I'M 

limsupe^A(e) < / i;^(t)w;^(t)dt + ^ (7f + 0(r?^), 

where the middle term is vanishing as M — )• +oo provided X^fceZ '^fc ^ 
Therefore, letting ij ^ and M — ?• +oo we establish 

(4.9) limsupe'^iV(e) < a^g / t;^(t)u;''(t)dt. 

e-+0 ' Jr+ 

Further, from Lemma 12.21 we have aAr+i(^)[-/V + 1]^^/^' < e. This gives 
limsupiV^/^a^j^^) ^ Q,^^^/^ /" /(t)it;^(t)dt^ . 

N-)-oo ' VjK+ / 

(ii) Put Ve{t) = lim(;_!.o ||t^||Loo(t-e,t+e) and notice that by duality argument 

\\Hi,v,w\\l^i)^li{i) = \\Hi,v„w\\l^i)~^li{i) (see IS Lemma 4.1] for details). 
Now fix a large M > 0. On the strength of [5, Lemma 4.2] for each 77 > 

there exist step functions Wrj, on [1/M,M] = [J^^i Uj such that 

\\W - W'rjllgjl/M.M] < r], / w'^{t)[v^{t) - v'^{t)]dt < T] 

J[1/M,M] 
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and 

\\Ve\\oo,[l/M,M] > Vvit) > ^eit), t G [1/M,M]. 

We assume that = ^2^=1 ^jXUj and Wrj = Y^2i CjXUj with disjoint Uj. 

Now let e > 0, = N{oo,e) = N{e) and {c„}^+^ be the endpoints of 
the intervals I„ = [c„, c„+i] with = cq < ci < . . . < Civ+i = oo and 

K{In)<e, n = 0,...,N; > e, n = 0, . . . , TV - 1. 

If g = 1 we have from [5l p. 183] 



w{t)Veit)dt- / W^{t)Vr,{t)dt 
[1/M,M] J[1/M,M] 

(4.10) < + IbellooJl/M.Mll- 

If g > 1 we obtain with help of [ll) (3.5)] 

^mm- 1 <(t)i;^(t)dt 

J\1IM.M] 



(4.11) 



[l/M,M] J [I /MM] 

< r/[l + g||Ve||oo,[l/Af,M]lk + W^»?llg,[l/M,Af]] • 



Let an operator Hj^^g{y) = v{y) g{t)w{t)dt, y G /, be adjoint to 
Hi^v,w Similar to [51 Lemma 4.5] we have for q = 1 with ^ > v^{t) > on [/ 



(4.12) 



U,i,v^\\l->-l 



> 



;Tll(^^eX(7)*(t)i||oo,(0,|C/|), 



where g* denotes the non-increasing rearrangement of a function g and = 
mes U. li q > 1 then an analog of the statement O Lemma 4.5] for the 
operator H* has to be modified as follows. 

Lemma 4.2. Let mesU < oo and Ci^ ^ ^ ^ "^^£(0 > on [/. T/ien 



\ TT II II TT* II \ II rj* II 

> sup inf - t^vjg/^oo 



C 



> |ll(^.Xc/)*(i)i'/'lloo,(o,|c/|)- 
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From this and (I4.12p we obtain for all g > 1 that 

< \\Hu,u\\i^, - \\Hu,^,.Mi^, <U\u\'/'^ - ^\\iv,xunt)t'^'\\oo,iom 
<U\U\y^-^- max lyU-'J^^^^^)] 

' c\u\yi J 2 

(4.13) = i|^^[^'/_^a(i)]dt+3^cif/r/^ 

(see ()4.3p and the proof of [5^, Lemma 4.6] for details). 

Next, let K = {n: there exists j such that/2n-i U l2n C ?7j} (see [5l 
Lemma 2.3] for details). Then [JK > N/2 — 1 — 2m^ and we obtain by (|4.2p . 
(lOD . (USD and KW) 

[NiM,e)/2 - iV(l/M,e)/2 - 2m^]e'' < ^ K^ihn-i U hn) 

neK 

2n-l Ui'2n, II l->g < 3'^ ^ [l|-f^-f2n-lU/2n,C,Clll^g + 

nGK nGK 



2n-lU/2n,'y£,'!«l|l-S-q 11^/ 2n-lUi"2n,1'£, 
+ |l|-f^/2n-lUi'2n,5,clll->9 ~ 1 1 -^-f2n- 1 U/2n ,f < ,C 1 1 1^9 ^ 



« E ?1 c| If/, I + E [ik - ciii^^. ibefocc/, + ( / CI?" - vm]dt) 



3=1 j=l 



< / V?,{t)w'^{t)dt + 0{7^1) 
Jl/M 

With help of KTUh and this gives 

[A^(M,e)/2-A^(l/M,e)/2-2m^]e9< / (t)u;5(t)dt + 0(77"). 



l/M 



Thus, 



I'M 

limsupe''[7V(M,e) -iV(l/M,e)] < / v1{t)w''{t)dt + 0{r]'^) 
Further, similar to the proof of the part (i) we obtain 
limsupe''7V(oo,e) < / v'^{t)w'^{t)dt. 

£-^0 Jr+ 
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Finally, we have by the inequality aAr+i(^) < e from Lemma 12.21 that 
limsup7V^/''a7v(^) < f / vl{t)w'i{t)dt' 



□ 
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